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DECOMPOSITIONS INVOLVING ANICK’S SPACES
BRAYTON GRAY
The goal of this work is to continue the investigation of the Anick fi-
bration and the associated spaces. Recall that this is a p-local fibration
sequence:
Ω2S2n+1
pin−→ S2n−1 −→ T −→ ΩS2n+1
where πn is a compression of the p
rth power map on Ω2S2n+1. This
fibration was first described for p > 5 as the culmination of a 270 page
book [A]. In [AG], the authors described an H space structure for the
fibration sequence. Its relationship to EHP spectra was discussed [G3]
as well as first steps to developing a universal property.
Much work has been done since then to find a simpler construction,
and this was obtained for p > 3 in [GT]. This new construction also
reproduces the results of [AG]. It is in the context of these new methods
that this work is developed and we assume a familiarity with [GT].
One of the main features of the construction is a certain fibration
sequence:
ΩG
h
−→ T
i
−→ R
ρ
−→ G
where h has a right homotopy inverse g : T → ΩG and the adjoint of g:
g˜ : ΣT → G
also has a right homotopy inverse f : G → ΣT . Together these maps
define an H space structure on T and a co-H space structure on G, and
both G and T are atomic. Furthermore R ∈ W∞r , the class of spaces
that are the one point union of mod ps Moore spaces for r 6 s.
For some applications it would be helpful to have a better under-
standing of the map ρ. In order to accomplish this, we reconstruct
a space D from [A]. D is closely related to G. Although the formal
properties of D are not as simple as G (it is not a co-H space) other
properties are simpler (for example Theorem A part (b) below). Define
C =
∞∨
i=1
P 2np
i+1
(
pr+i−1
)
.
Theorem A. There is a cofibration sequence:
C
c
−→ G→ D
1
2 BRAYTON GRAY
and a fibration sequence:
F → D → S2n+1
such that
(a) Hj(D) =

Z/pr if j = 2n
Z/p if j = 2nps s > 0
0 otherwise
(b) Hj(F ) =
{
Z(p) if j=2ni
0 otherwise
(c) There is a diagram of fibration sequences:
T T
i
y i′y
R −−−→ W
ρ
y y
G −−−→ D
where i and i′ are null homotopic.
(d)∗ Hj(W ) =

Z(p)/ip
r−1 if j = 2ni = 2nps
Z(p)/ip
r if j = 2ni, otherwise
0 otherwise
(e) Furthermore there is a homotopy commutative diagram of fibra-
tion sequences:
S2n−1 −−−→ T −−−→ ΩS2n+1y y y
W W −−−→ PS2n+1y y y
F −−−→ D −−−→ S2n+1
with ΩF ≃ S2n−1 × ΩW .
Theorem B. If n > 1, R ≃ (C ⋊ T ) ∨W and the composition:
C ⋊ T → R
ρ
−→ G
is homotopic to the composition:
C ⋊ T
1⋊g
−−→ C ⋊ ΩG
ω
−→ C ∨G
c∨1
−−→ G
∗Note that Z(p)/m is isomorphic to Z/pν(m) where ν(m) is the number of
powers of p in m.
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where ω is the Whitehead product map which lies in the fibration se-
quence:
C ⋊ ΩG
ω
−→ C ∨G
pi2−→ G
Furthermore, ΩG ≃ ΩG× Ω(C ⋊ ΩD).
In addition, some partial results are obtained for ρ|W , but much is
still unknown.
This paper is organized as follows. In section 1 we revisit some
constructions in [GT] and sharpen some of the results. In section 2 we
embark on a multifaceted induction, constructing the space W via a
sequence of approximations and prove Theorem A. Section 3 is devoted
to proving Theorem B.
1.
In the course of the constructions in [GT], G was constructed induc-
tively as the union of spaces Gk where
Gk = Gk−1 ∪ CP
2npk
(
pr+k
)
Gk was constructed as a retract of ΣT
2npk , the suspension of the 2npk
skeleton of T . We need to make a refinement of this construction. In
the proof of 4.3(d) a map
e : P 2np
k (
pr+k−1
)
∨ P 2np
k+1
(
pr+k−1
)
→ ΣT 2np
k
was constructed with the sole property that it induced an epimorphism
in mod p homology in dimensions 2npk and 2npk+1. The components
of e were given as compositions:
P 2np
k (
pr+k−1
)
→ Σ
(
T 2np
k−1
−1 × T 2np
k−1
× · · · × T 2np
k−1
)
Σeµ′
−−→ ΣT 2np
k
P 2np
k+1
(
pr+k−1
)
→ Σ
(
T 2np
k−1
× · · · × T 2np
k−1
)
Σeµ
−→ ΣT 2np
k
where the middle space in each case is the suspension of a product of
p factors and lies in Wr+k−1r and the maps µ˜ and µ˜
′ are obtained from
the action given in 4.3(n) for the case k − 1.
Proposition 1.1. There is a choice of a map e which is a mod p
homology epimorphism in dimensions 2npk and 2npk+1 and such that
the diagram:
P 2np
k (
pr+k−1
)
∨ P 2np
k+1
(
pr+k−1
) e
−−−→ ΣT 2np
ky y
Σ(T ∧ T )
H(µ)
−−−→ ΣT
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homotopy commutes where H(µ) is the Hopf construction on the mul-
tiplication µ : T × T → T .
Proof. Since µ˜ and µ˜′ are obtained by iteration of the restriction of
µk−1 in 4.3(n):
T 2np
k−1
× T 2nmp
k−1
→ T 2n(m+1)p
k−1
for 1 6 m < p, it follows that e factors through
Σ(µ) : Σ
(
T 2np
k−1
× T 2n(p−1)p
k−1
)
→ ΣT 2np
k
.
Now the standard splitting
ΣT 2np
k−1
∨ ΣT 2n(p−1)p
k−1
∨ Σ
(
T 2np
k−1
∧ T 2n(p−1)p
k−1
)
→ Σ
(
T 2np
k−1
× T 2n(p−1)p
k−1
)
is induced by the inclusions of the axes and the Hopf construction on
the identity map of the product. Let e1, e2, e3 be the eidempotent
self maps of Σ
(
T 2np
k−1
× T 2n(p−1)p
k−1
)
corresponding to these three
retracts. Then in homology we have
1 = (e1)∗ + (e2)∗ + (e3)∗.
However, in dimensions 2npk and 2npk + 1, (e1)∗ = (e2)∗ = 0. Conse-
quently the composition:
P 2np
k (
pr+k−1
)
∨ P 2np
k+1
(
pr+k−1
)
→ Σ
(
T 2np
k−1
× T 2n(p−1)p
k−1
)
e3−→ Σ
(
T 2np
k−1
× T 2n(p−1)p
k−1
)
→ ΣT 2np
k
is also an epimorphism in mod p homology in dimensions 2npk and
2npk + 1. However e3 is the composition:
Σ
(
T 2np
k−1
× T 2n(p−1)p
k−1
)
→ Σ
(
T 2np
k−1
∧ T 2n(p−1)p
k−1
)
H
−→ Σ
(
T 2np
k−1
× T 2n(p−1)p
k−1
)
where H is the Hopf construction on the identity. Thus Σµ˜ ◦H is the
Hopf construction on µ˜:
Σ
(
T 2np
k−1
∧ T 2n(p−1)p
k−1
)
H
−→ Σ
(
T 2np
k−1
× T 2n(p−1)p
k−1
)
Σeµ
−→ ΣT 2np
k
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We now apply these considerations to the induced fibration deter-
mined by g˜:
T Ty y
Q −−−→ R
pi′
y y
ΣT
eg
−−−→ G
The structure of the fibration π′ : Q→ ΣT is completey determined by
the action map:
ΩΣT × T → T
which is given by the composition
ΩΣT × T
Ωeg×1
−−−→ ΩG× T → T.
This is the action described in the proof of 4.3(n), so Q ≃ ΣT ∧ T and
π′ ∼ H(µ). We conclude
Proposition 1.2. There is a lifting e˜ of g˜e to R
P 2np
k (
pr+k−1
)
∨ P 2np
k+1
(
pr+k−1
)
e
**UUU
UU
UU
UU
UU
UU
UU
UU
UU
// ΣT ∧ T
H(µ)

// R

ΣT
eg // G
We will designate the components of g˜e as
ak : P
2npk
(
pn+k−1
)
→ Gk
ck : P
2npk+1
(
pr+k−1
)
→ Gk
and their lifts to Rk as a˜k and c˜k respectively.
Proposition 1.3. There is a homotopy commutative diagram of cofi-
brations sequences:
P 2np
k(
pr+k
) pr+k−1
−−−−→ P 2np
k(
pr+k
) d
−−−→ P 2np
k(
pr+k−1
)
∨P 2np
k+1
(
pr+k−1
)∥∥∥ yβk yak∨ck
P 2np
k(
pr+k
) αk−−−→ Gk−1 −−−→ Gk
Proof. The homotopy fiber of the projection Gk → P
2npk+1(pr+k) is the
relative James construction (Gk−1, P
2npk(pr+k))∞ (see [G1]) which is
Gk−1 + cells of dimension > 2np
k + 2n − 1. Thus the map βk exists.
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The next term is the James construction (P 2np
k+1(pr+k))∞. The up-
per cofibration sequence is completely determined by the fact that the
composition
P 2np
k (
pr+k−1
)
∨ P 2np
k+1
(
pr+k−1
) ak∨ck−−−→ Gk → P 2npk+1 (pr+k)
is an epimorphism in homology.
Proposition 1.4. There is a unique lifting β˜k of βk to Rk−1:
Rk−1

P 2np
k (
pr+k
)
eβk
88rrrrrrrrrr
βk
&&LL
LL
LL
LL
LL
Gk−1
Proof. The existance follows since Rk−1 is a pullback:
Rk−1 −−−→ Rky y
Gk−1 −−−→ Gk
and (a˜k ∨ c˜k)d : P
2npk(pr+k)→ Rk is a lifting of the composition
P 2np
k (
pr+k
) βk−→ Gk−1 → Gk
by 1.3. To prove uniqueness, suppose we have two liftings β˜k and β˜
′
k.
Their difference consequently factors through T . But any map
P 2np
k (
pr+k
)
→ T
is necessarily trivial in mod p cohmoology, for H2np
k
−1(T ;Z/p) is
decomposable and the mod pr+k Bockstein is nontrivial in
H2np
k
−1(T ;Z/p). It follows that the difference β˜k − β˜
′
k factors through
T 2np
k
−2 and hence though ΩGk−1 by [GT, 4.3(b)]. Consequently the
difference is trivial in Rk−1.
The following result is a special case of [GT, 2.3]
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Theorem 1.5. Suppose all spaces are localized at a prime p > 2, and
in the diagram:
F

F

Sm−1 // E0 //

E

Sm−1
p
OO
B // B ∪ em
the middle column is a pullback and the bottom row is a cofibration.
Then
[E,BWn]→ [E0, BWn]
is onto.
2.
In this section we will construct the fibration
T →Wk → Dk
and prove Theorem A. The spaces Dk were first considered in [A] and
their relationship to Gk was discussed in [AG]. We will construct them
directly from the ideas of [GT]. We begin with
Ck =
k∨
i=1
P 2np
i+1
(
pr+i−1
)
and define c : Ck → Gk by c | P
2npi+1(pr+i−1) = ci. Now define Dk as
the cofiber:
Ck
c
−→ Gk → Dk.
Since ci : P
2npi+1(pr+i−1) → Gi → Gk is an integral homology mono-
morphism, we immediately have
Proposition 2.1. Hi(Dk) =

Z/pr if i = 2n
Z/p if i = 2npj 1 6 j 6 k
0 otherwise.
By construction, the map c lifts to a map
Ck
ec
−→ Rk → Ek
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where Ek is described in [GT, 4.3(h)] and we have
Ek //

Jk //
ξk

Fk

(∗) Ck
ec
77ooooooooooooo
c // Gk

// Dk

Dk

S2n+1 {pr} S2n+1 {pr} // S2n+1
where the diagram of vertical fibrations defines the spaces Jk and Fk.
We are about to embark on a multipart induction and wish to make
one observation first. Consider the Serre spectral sequence for the
homology of the fibration:
ΩS2n+1 → Fk → Dk
where
E2p,q = Hp
(
Dk;Hq
(
ΩS2n+1
))
This is only nonzero when both p and q are divisible by 2n. Hence
E2p,q
∼= E∞p,q and Hi(Fk) = 0 unless i is divisible by 2n. In particular
(∗∗) H2npk(Fk)→ H2npk(Dk) is an epimorphism.
Theorem 2.2. Let k > 0. Then
(a) Hr(Fk) =
{
Z(p) if r=2ni
0 otherwise
and the homomorphism H2ni(Fk−1) → H2ni(Fk) has degree p if i > p
k
and degree 1 if i < pk.
(b) There is a map θi : P
2ni(pr) → Jk for each i > p
k such that the
composition:
P 2ni (pr)
θi−→ Jk → Fk
induces an isomorphism in H2ni( ;Z/p).
(c) There is a map γ˜k : Jk → BWn such that the composition:
Ω2S2n+1 → Jk
eγk−→ BWn
is homotopic to the map ν : Ω2S2n+1 → BWn (see [G2]).
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(d) Let Wk be the homotopy fiber of γ˜k. Then we have a homotopy
commutative diagram of vertical fibration sequences:
T T −−−→ ΩS2n+1y y y
Rk −−−→ Wk −−−→ Fky y y
Gk −−−→ Dk Dk
and two diagrams of fibration sequences:
S2n−1 −−−−→ Ω2S2n+1
ν
−−−−→ BWny y ∥∥∥
Wk −−−−→ Jk
eγk
−−−−→ BWny y
Fk Fk
S2n−1 −−−−→ T −−−−→ ΩS2n+1y y
Wk Wky y
Fk −−−−→ Dk −−−−→ S
2n+1
(e) ΩFk ≃ S
2n−1 × ΩWk
(f) the homomorphism Hr(Fk)→ H
r(Wk) is an epimorphism and
Hm(Wk) =

Z(p)/ip
r−1 if m = 2ni = 2nps 0 < s 6 k
Z(p)/ip
r if m = 2ni > 2n otherwise
0 otherwise
(g) The image of the homorphism:
H2np
k+1
(Wk)→ H
2npk+1(T )
has order p.
(h) The map αk+1 lifts to a map α˜k+1 : P
2npk+1(pr+k+1) → Rk such
that the composition:
P 2np
k+1 (
pr+k+1
) eαk+1
−−−→ Rk → Wk
is nonzero in integral cohomology.
Proof. We prove these results inductively on k using earlier results for
a given value of k and all results for lower values of k. In case k = 0,
(a) is well known (see [CMN]).
Proof of (b). In case k = 0, this is [GT, 3.1]. Suppose k > 0. Since
the homomorphism
H2npk(Fk)→ H2npk(Dk)
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is onto by (∗∗) andH2npk(Fk) is free on one generator, the homorphism:
H2npk (Fk;Z/p)→ H2npk (Dk;Z/p)
is an isomorphism. Now consider the diagram:
Ek

// Jk

// Fk

P 2np
k (
pr+k−1
)eak
88rrrrrrrrrrr
ak // Gk // Dk Dk
Since the lower composition also induces an isomorphism in
H2npk( ;Z/p), we conclude that the upper composition does as well.
Let θpk be the composition:
P 2np
k
(pr) −→ P 2np
k (
pr+k−1
) eak−→ Ek −→ Jk.
This satisfies (b) in case i = pk. We now construct θm+1 for m > p
k
by induction. Having constructed θm, consider the diagram of vertical
fibration sequences:
P 2(m+1)n(pr)−−−→P 2mn(pr)⋊ΩP 2n+1(pr)−−−→ Jk −−−→ Fky ξky y
P 2n+1(pr) ∨ P 2mn(pr)
ι∨ξkθm−−−−→ Dk Dky y y
P 2n+1(pr) −−−→ S2n+1{pr}−−−→S2n+1
We will compare the mod p cohomology spectral sequences for the first
and last fibration, and in particular, the differential:
d2n+1 : E
2n+1
0,2(m+1)n −−−→ E
2n+1
2n+1,2mn.
In the righthand spectral sequence, the differential is an isomorphism as
both groups are Z/p and the dimension of Dk is less than
2(m+1)n. The map of fibrations induces the following homomorphism
on E2n+12n+1,2mn (where the coefficients are Z/p):
H2mn (Fk)⊗H
2n+1
(
S2n+1
)
→
H2mn
(
P 2mn (pr)⋊ ΩP 2n+1 (pr)
)
⊗H2n+1
(
P 2n+1 (pr)
)
.
Since the composition πkθm induces an isomorphism in H
2mn( ;Z/p),
this homomorphism is an isomorphism as well. It follows that the
homomorphism induced on E2n+10,2(m+1)n is nonzero and hence an isomor-
phism. Thus πkθm+1 induces an isomorphism in H
2(m+1)n( ;Z/p).
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Proof of (c). In case k = 0, this is [GT, 3.5]. Suppose that k > 0.
Write Fk(m) for the 2mn skeleton of Fk and Jk(m) for the total space
of the induced fibration over Fk(m):
Ω2S2n+1 Ω2S2n+1
ik
y y
Jk(m) −−−→ Jky y
Fk(m) −−−→ Fk
We will construct a compatible sequence of maps:
γ˜k(m) : Jk(m)→ BWn
with γ˜k(m)ik ∼ ν : Ω
2S2n+1 → BWn for a fixed k and m > 1. Since
Dk = Dk−1∪CP
2npk , the pair (Fk, Fk−1) is 2np
k−1 connected. Conse-
quently if m < pk, Fk−1(m) = Fk(m) and Jk−1(m) = Jk(m). We begin
the induction on m by defining γ˜k(m) = γ˜k−1(m) when m < p
k. Now
Fk(m) = Fk(m − 1) ∪γm e
2mn. We wish to apply Theorem 1.5 to the
diagram:
Ω2S2n+1 Ω2S2n+1y y
Jk(m− 1) −−−→ Jk(m)y y
Fk(m− 1) −−−→ Fk(m)
It suffices to show that there is a lifting γ′m of γm which is divisible
by p.
Jk(m− 1)

S2mn−1
γ′m
88qqqqqqqqqqq
γm // Fk(m− 1)
In fact, we will construct a lifting γ′m of γm which is divisible by p
r.
The composition:
S2mn−1 → P 2mn (pr)
θm−→ Jk(m)
pik−→ Fk(m)
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factors through Fk(m− 1) for dimensional reasons:
S2mn−1 −−−→ P 2mn (pr)
x′
y ypikθm
Fk(m− 1) −−−→ Fk(m)
with prx′ ∼ γm, since πkθm induces an isomorphism in H
2mn( ;Z/ρ).
(For complete details, apply [GT, 3.2] withM=S2mn−2, X=Fk(m−1),
f = γm, x = πkθm, and s = r). Since Jk(m−1) is a pullback, x
′ factors
through Jk(m− 1):
S2mn−1 −−−→ P 2mn (pr)
γ′m
y θmy
Jk(m− 1) −−−→ Jk(m)
pik
y piky
Fk(m− 1) −−−→ Fk(m)
and πk−1γ
′
m = x
′ so prπk−1γ
′
m ∼ γm. Thus we have constructed
γ˜k : Jk → BWn for each k > 1. γ˜k|Jk−1 may not be homotopic to
γ˜k−1, but they are homotopic on Jk−1(m) for m < p
k. Thus we may
define
γ˜∞ : J∞ → BWn
by taking the direct limit of the γ˜k and then redefine γ˜k as the restric-
tion of γ˜∞.
Proof of (d). The map νk : Ek → BWn defined in [GT, 4.3(h)] was an
arbitrary map such that the composition:
Ω2S2n+1 → ΩS2n+1 {pr} → E0 → Ek
νk−→ BWn
is homotopic to ν. Since J0 = E0, γ˜0 = ν0 and γ˜k is an arbitrary
extension of γ˜k−1, we can redefine νk as the composition
Ek → Jk
eγk−→ BWn
from which it follows that we have a commutative diagram of fibration
sequences
Rk −−−→ Ek
νk−−−→ BWny y ∥∥∥
Wk −−−→ Jk
eγk−−−→ BWn
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where Wk is the fiber of γ˜k. Consequently the square:
Rk −−−→ Wky y
Gk −−−→ Dk
is the composition of two pullback squares:
Rk −−−→ Ek −−−→ Gky y y
Wk −−−→ Jk −−−→ Dk
so it is a pullback square and first diagram in (d) is a diagram of vertical
fibration sequences. The second diagram follows from the definition of
Wk and the third is a combination of the first two.
Proof of (e). Extending the third diagram of (d) to the left yields a
diagram:
Ω2S2n+1
pin−−−→ S2n−1y y
∗ −−−→ Wky y
Ω2S2n+1 −−−→ Fk
Both horizontal maps have degree pr in the lowest dimension, so Wk is
4n − 2 connected and the map S2n−1 → Wk is null homotopic. From
this it follows that
ΩFk ≃ S
2n−1 × ΩWk
Proof of (f). Let φ : ΩS2n+1 → Fk be the connecting map in the fibra-
tion that defines Fk. Let ui ∈ H
2ni(ΩS2n+1) be the generator dual to
the ith power of a generator in H2n(ΩS
2n+1). Then
uiuj =
(
i+ j
i
)
ui+j.
Choose generators ei ∈ H
2ni(Fk) so that
φ∗ (ei) =
{
pr+dui if p
d 6 i < pd+1, d 6 k
pr+kui if i > p
k.
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Since φ∗ is a monomorphism, it is easy to check that
e1ei−1 =
{
ipr−1ei if i = p
s 0 < s 6 k
iprei otherwise.
It now follows from the integral cohomology spectral sequence for the
fibration:
S2n−1 →Wk → Fk
that
d2n (ei−1 ⊗ u) =
{
ipr−1ei if i = p
s 0 < s 6 k
iprei otherwise.
From this one can read off the cohomology groups ofWk since H
i(Fk) =
Z(p) or 0 according as to whether j is a multiple of 2n.
Proof of (g). From (d) we have a homotopy commutative square:
T −−−→ ΩS2n+1y yφ
Wk −−−→ Fk
Applying cohomology we get:
H2np
k+1
(T ) H2np
k+1
(ΩS2n+1)oo
H2np
k+1
(Wk)
OO
H2np
k+1
(Fk)
oo
OO
which evaluates as:
Z
/
pr+k+1 Z(p)oo
Z
/
pr+k+1
OO
Z(p)oo
pr+k
OO
where the two horizontal arrows are epimorphisms. It follows that the
homorphism H2np
k+1
(Wk)→ H
2npk+1(T ) has image of order p.
Proof of (h). Recall from the proof of [GT, 4.3(c)] that the composi-
tion:
P 2np
k+1 (
pr+k+1
)
→ T
/
T 2np
k+1
−2 → Rk → Gk
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is homotopic to αk+1. Write α˜k+1 for the composition of the first two
maps, so we get a homotopy commutative diagram:
T 2np
k+1
−−−→ P 2np
k+1 (
pr+k+1
) eαk+1
−−−→ Rky y y
T 2np
k+1/
T 2np
k+1
−2 −−−→ T
/
T 2np
k+1
−2 −−−→ Wk
.
By (g), the composition on the left and bottom is nonzero in integral
cohomology, so the composition on the top and right is nonzero in
integral cohomology also.
Proof of (a) in the case k + 1. We consider the diagram
ΩS2n+1
δk+1

P 2np
k+1 (
pr+k+1
)
Γ
22eeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeee
αk+1
&&MM
MM
MM
MM
MM
MM
eαk+1 // Rk

// Wk

// Fk

// Fk+1

Gk Dk Dk Dk+1
where the map Γ exists since the lower composite factors as
P 2np
k+1 (
pr+k+1
) αk+1
−−−→ Gk → Gk+1 → Dk+1
We now show that the homorphism:
H2np
k+1
(Fk+1)→ H
2npk+1 (Fk)
is not an epimorphism. If it were, the entire composition:
H2np
k+1
(Fk+1)→ H
2npk+1
(
P 2np
k+1 (
pr+k+1
))
would be nonzero by (f) and (h). But δk+1 factors as
ΩS2n+1
δk−→ Fk → Fk+1
so the image of δ∗k+1 : H
2npk+1(Fk+1)→ H
2npk+1(ΩS2n+1) is divisible by
pr+k by (a). This implies that
Γ∗ : H2np
k+1 (
ΩS2n+1
)
→ H2np
k+1
(
P 2np
k+1 (
pr+k+1
))
is an epimorphism. This contradicts Hopf invariant one as follows. The
composition:
P 2np
k+1 (
pr+k+1
)
→ ΩS2n+1
H
pk
−−→ ΩS2np
k+1
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would also be nonzero in cohomology so the Whitehead element
ωnpk ∈ π2npk+1−3
(
S2np
k
−1
)
would be divisible by pr+k+1. We have thus shown that
H2np
k+1
(Fk+1)→ H
2npk+1 (Fk)
is not onto. From the Serre spectral sequence for the cohomology of
the fibration
ΩS2n+1 → Fk+1 → Dk+1
we obtain the following exact sequence:
0← H2np
k+1+1 (Fk+1)← Z/p← H
2npk+1 (Fk)← H
2npk+1 (Fk+1)← 0
where H∗(Fk) is obtained from the restriction of the fibration to Dk.
It follows that
H2np
k+1+1 (Fk+1) = 0
H2np
k+1
(Fk+1) ≃ Z(p)
and H2np
k+1
(Fk+1)→ H
2npk+1 (Fk)
has degree p, and (δk+1)
∗ has degree pr+k+1 in dimension 2npk+1. We
now switch to integral homology and use the principal action
ΩS2n+1 × ΩS2n+1 −−−→ ΩS2n+1y y
ΩS2n+1 × Fk+1 −−−→ Fk+1
to study H2ni(Fk+1) when i > p
k+1. Observe that the new generator ei
comes from the term
E∞2npk+1,2ni−2npk+1
and consequently ei = ui−pk+1 · epk+1, so
pr+k+1ei = ui−pk+1 ·
(
pr+k+1epk+1
)
= ui−pk+1 · upk+1
= ui
so (δk+1)∗ has degree p
k+1 in H2ni for i > p
k+1. This completes the
proof of 2.2.
Theorem A follows by taking limits. The cofibration C
c
−→ G → D
is the limit of Ck → Gk → Dk and the fibrations
T →W → D
F → D → S2n+1
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are the respective limits of
T → Wk → Dk
and Fk → Dk → S
2n+1.
3.
In this section we will prove Theorem B. To this end, consider the
limiting diagram of the fibrations in 2.2(d) over k:
T T
i
y y
R −−−→ Wy y
G −−−→ D
Since D is the mapping cone of the map c : C → D, the induced fibra-
tion over C is trivial and we have a map:
C × T → R.
Since the inclusion of T into R is null homotopic, this extends to a map
C ⋊ T → R.
According to [AG, Lemma A6] we get a cofibration sequence:
C ⋊ T → R→W
Theorem 3.1. If n > 1 there is a split short exact sequence
0→ H˜∗(C ⋊ T )→ H˜∗(R)→ H˜∗(W )→ 0.
Proof. We first check that the connecting homorphism:
Hj(W )→ Hj−1(C ⋊ T )
is trivial. By 2.2(f), Hj(W ) 6= 0 only when j = 2ni− 1. However,
C ⋊ T ≃
∞∨
i=1
P 2np
i+1
(
pr+i−1
)
⋊ T
so Hj−1(C ⋊ T ) is only nonzero when j − 1 = 2nℓ or 2nℓ − 1. So
if n > 1, one or the other of these groups is trivial. To see that the
sequence splits, note that by 2.2(f)
H2nk−1(W ) =
{
Z(p)
/
kpr−1 if k = ps
Z(p)
/
kpr otherwise.
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It suffices to show that
kprH˜2nk−1(R) = 0
kpr−1H2nk−1(R) = 0 if k = p
s
Now according to [G4, Theorem C], R is a retract of ΣT ∧ T , so it
suffices to prove
Lemma 3.2. kprH˜2nk−1(ΣT ∧ T ) = 0 and if k = p
s
kpr−1H˜2nk−1(ΣT ∧ T ) = 0.
Proof. ΣT ∧ T is a wedge of Moore spaces by [GT, 4.3(m)] and the
dimensions and orders can be read off from the homology groups. Let
ν(x) be the number of powers of p in x. Then
ΣT ∧ T = Σ
∨
j>1
i>1
P 2ni
(
pr+ν(i)
)
∧ P 2nj
(
pr+ν(j)
)
.
This is a wedge of Moore spaces of dimension 2nk and 2nk + 1. An
element of H2nk−1(ΣT ∧ T ) of order p
m must lie in
ΣP 2ni
(
pr+ν(i)
)
∧ P 2nj
(
pr+ν(j)
)
where k = i + j, m 6 r + ν(i) and m 6 r + ν(j). Consequently pm−r
must divide both i and j. Since k = i + j, pm−r divides k and the
element has order dividing kpr. But if k = ps we must have ν(i) < s
and ν(j) < s so pm−r divides ps−1; i.e., pm divides kpr−1.
Since R is a wedge of Moore spaces and the homomorphism
H˜∗(R)→ H˜∗(W )
has a right inverse, we can use [AG, Lemma A3] to construct a right
homotopy inverse for the map R→ W . We obtain
Proposition 3.3. If n > 1, R ≃ (C ⋊ T ) ∨W .
Proposition 3.4. Suppose n > 1. Then there is a homotopy fibration
sequence:
C ⋊ ΩD → G→ D
and ΩG ≃ ΩD × Ω(C ⋊ ΩD).
Proof. Since the map R→W has a right homotopy inverse, so does
ΩG ≃ T × ΩR→ T × ΩW ≃ ΩD.
We use this together with [AG, Corollary A7] to prove that the fiber
of the map G→ D is C ⋊ ΩD.
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Proposition 3.5. The composition
C ⋊ T → R→ G
factors as
C ⋊ T
1⋊g
−−→ C ⋊ ΩG
ω
−→ C ∨G
c∨1
−−→ G
where ω is the “Whitehead product map” which isthe fiber of the pro-
jection C ∨G
pi2−→ G.
Proof. C ⋊ T ≃ C × T ∪ ∗ × C∗(T ) where C∗(T ) is the reduced cone
on T . The composition:
C × T ∪ ∗ × C∗(T ) ≃ C ⋊ T → R→ G
is given by:
C × T
pi1−→ C
c
−→ G
∗ × C∗T −→ ΣT
eg
−→ G
On the other hand, the inclusion of the fiber of the projection C ∨
G
pi2−→ G is given by
C × ΩG ∪ ∗ × PG ≃ C ⋊ ΩG→ C ∨G
C × ΩG
pi1−→ C → C ∨G
∗ × PG
eν
−→ G→ C ∨G
where PG = {ω : I → G | ω(0) = ∗} and eν(ω) = ω(1).
Theorem B follows from 3.3, 3.4, and 3.5.
It would be desirable to have a better understanding of the restric-
tion:
W → R
ρ
−→ G
What is clear is that the composition
P 2np
k (
pr+k−1
) ak−→W → D
is nonzero in mod p homology, so ak induces an isomorphism in inte-
gral cohomology in dimension snpk. It seems difficult to identify the
map
P 4np
k (
pr+k
)
→W
as it is the first class of that order.
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